MATH 301/601: Fall 2023

Instructor: Nicholas Viamis

Wednesday 4/10/2024

Exam 2

Name: So\u\ yonSs

Instructions.

110 minutes

1. Read each problem carefully. Make sure you understand what the problem is

asking.

2. Proofs can be informal: use of logical symbols and incomplete sentences are permitted.
However, make sure all statements and logical steps are clear and correct.

3. You are allowed one 8.5” x 11" sheet of notes, written on the front and back. Your
sheet may only contain theorem statements and definitions. You must turn in your

note sheet with the exam.

4. No devices other than a writing utensil may be used.

5. Feel free to use the back of any sheet. Just make it clear where I am meant to look for

your solutions.

Question | Points | Score
1 2
2 4
3 4
4 3
5 6
6 3
7 4
8 3
9 7
10 7
11 7
12 7
Total: 50
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Part I: Computation and Understanding

1. {2 points| Find the order of 70 in Zgyo.

N . \ ~— &L\O . a‘lz‘—.o i
;l? Z‘i \(\)o \-"LO \ ) 3(5&70.:&0) 10 QY
O: s

3(&40 ,240)= 10

2. List all the subgroup of Zg, and explain how you know that you have them
all. . .
ZI_(D S (}Q\“L = Ew_\r} SuL?wu\p of T¢ ¢ (_;(.l\ C

for Some Q€ Z,
= CVQ“a Su):awv? of Le i of H, Ffor < a > tor A

{BY: 30}

= A>=CEY T ave ol P jul?vaj & .
(a)t(ﬁ>‘;0,’),'ﬁ}
(< iz, 3

3. Recall that U(n) = {a@ € Z, : ged(a,n) = 1} and is a group when equipped

with multiplication modulo n.

1

-~

(a) Determine if U(8) is cyclic. Explain.
uo=17,3,5,79%

—

O

_1_
2
g% 3% =

2

ERRLE

Ty ulE) net cac“l

=t~

(b) Determine if U(10) is cyclic. Explain.

ulio 47,3, 3 &
-2
l:

=3

o1

=> U\\O) = 37

B

=

%N

D L\0) S Ca(,\“t«
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4, Find the smallest natural number n for which there ex_ists a group of order n
containing an element of order 5 and an element of order 7. Justify your answer.

].Q‘\' G LQ G Bruvp AL g C\,LEC{ \J) \0‘:5' (B':?
1o IG\ one lL\]lGI S 56l and 7]\@1
S 35|16l D nx3s

(r\ n=3s"

G: E&S’ SO Y\ NS ?va & N&35

5. , Let ¢ € S; be the permutations defined as follows:
(1234567
7=\3516742

(a) Express ¢ in cycle notation.

0= (13T HNE)

(b) Is o an even or odd permutation? Justify your answer.

G:(13)(235)EALHE) = 0 5 evn P

(c) Let 7= (37425)€Sr. ExpressTasa product of 4 transpositions.

- (30U 2)(2s)

(d) Express the permutation o7 in ¢cycle notation.

"

o T (13)(257)(u6)(3 2 Us)

t/

(1323045
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6. (a) Give an element of order 15 in Ajg.

(xas)(qsc.,tzs)

(b) Explain why Ajq does not have an element of order 26.
TL\ v Qv of an eLU\lm} i) A!O MU‘SJ’
» = 0] & A BFos
é\d‘{)\ \A\o\ 3 \0 §-3 3
Bae 130126 and VIX'E S 204 1A

7. [4 points| Let H = {0 € S4: 0(2) = 2}.

(a) What is the order of H ?

A6

(b) What is the index of H in S,?

IBRE “Sq:\"] \H] '

\SL\\ . al

K ‘.S‘I"H\-\: M *(:1'4

(c) Are the left cosets (1 2 3)H and (2 3)H equal? Justify your answer.

3'\_\ _‘33“ © 35‘3* H

(2.3\‘\(| 2 3‘) :(&})(\ 33) = (l}\é\*\

o (1a3)H=(23] N
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8. Consider the following statement:

Let G be a group, and let H = {g € G : ¢* = e}, where ¢ is the identity of G.
Then H is a subgroup of G.

Exam 2

(a) Use the group Dj to show that the statement above is false.
\. X F. owd F.z LL Yoo é\'ﬂ'\nu\\- flecdtons,
Q 1

oy e vodiew ol of whick hove
T FUR Bt B S s
> (FR) 4.4

(b) The following is a proof of the above statement given by ChatGPT (with GPT
version 3.5). Find and explain the error.

ChatGPT Proof. The identity element is in H, so we need to check that
H is closed under the group operation and closed under taking inverses.

First, we show that H is closed under the group operation. Let a,b € H,
2 _ 32 __
so a = b® = e. Then, Nob b

(ab)?=aMl=e-e=e¢,

so H is closed under the group operation. Next, we show that H is closed
under taking inverses. Let a € H, so a? = e. Then, we have

(a—l)z — (a2)-l - e—l = e.

Therefore, a~! € H, and H is closed under taking inverses. As H contains

the identity, is closed under the group operation, and is closed under taking
inverses, H is a subgroup of G. a

&0\]3)4= abod # o'l

(¢) Add one word to the statement above that makes the statement true and the Chat-
GPT proof correct.

{}\k JLQlew\r avnd P\'OJ art Cowe () '€ G B

GLQ\\‘ av |

-
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Part II: Proofs

Instructions: Complete any three of the following four problems.

9. Let H, and H, be subgroups of a group G. Prove that H, N H; is a subgroup
G

L\g QGH\ one QGH) ‘ ce )_\lr\H,_
thaw ‘Q,’)&l‘ll =5 QL6“|

T¢ obeH M
,G'LC- l—\; D OLGHJ

= ()LG N. N M-‘t

1f Q€ N‘ /\\‘\;\| ‘\’le\ R 6(’:“. ) a“eul

~\
S oo e HoaW, J

10. Let G be a group. The center of G is the set

Z(G)={:z:€‘G:gx=zgforallg€G}.

Prove that Z(G) is closed under taking inverses. Diiewnalt  Sotubion

U’L‘”\ ove Sevtvall):
. T xe L&) thn
L y 9( é X [ ) / ‘H\L [TK x€ —Z(G"v LQ\"JE(;'

q- X X9 Rt B
g oo ke 26 g
- . n KN (3 x) = {X9 )
S " Ay P
N gx = X ; > % ¢HG) , o

. G uen o"\"k"‘“‘
=2 X & 1(6) S 3GG wc-!'GVL'-\mv(?. ’ d

-
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Tl Use Fermat's Little Theorem to show that if p = 4n + 3 is prime, then there

is no solution to the equation z2 = —1 (mod p).

S«-“ou 3 X‘(:Z _r-\\)(aa -1 (mod T,) |

P

B} Yuw«ovl L#l\{ ’\'L"'\, X 2 L (MOE \’)
ntd

Andl

> (X;) T 1 Gy

=

val An !

But (th) (1) (el !
==l ot p)

5 11 (mod y)

3 YA =qn9'3 K é.
S pla > pe2, o cohadicbien SiaG P odd

Y S xaa-l ol ) hos ne Solubrow

12. Suppose that [G : H] = 2. Prove that if a and b are not in H, then ab € H.
Te ad N How o' ¢ W, st By claed under inversion

R’Q Knew G,= H U L“ one \—\n bH =¢ Sinte LG' H. and {G‘-H]‘Q‘

= a\KGL\-\ CJ O‘\QH~

5 7 heW oh g = bh
< };\= C\L
= QLG \3\ D




