MATH 301/601: Fall 2023 Instructor: Nicholas Vlamis

Wednesday 3/6/2024 Exam 1 110 minutes

Name: ‘ So \ulﬂ’MS J

Instructions.

1. Read each problem carefully. Make sure you understand what the problem is
asking.

2. Proofs can be informal: use of logical symbols and incomplete sentences are permitted.
However, make sure all statements and logical steps are clear and correct.

3. You are allowed one 8.5” x 11” sheet of notes, written on the front and back. Your
sheet may only contain theorem statements and definitions. You must turn in your
note sheet with the exam.

4. No devices other than a writing utensil may be used.

5. Feel free to use the back of any sheet. Just make it clear where I am meant to look for
your solutions.
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Part I: Computation and Understanding
1. (2) Use the Euclidean algorithm to compute ged(18, 120).

130+ 618 +13
P A gcé(lx,uoh(,

12: G v O

\20
(b) Write gcd(ls,@) as a linear combination of 18 and 120.

(= 18-
\8 - (120-6-18)

- 73t 0-1ac

(c) Is 24 a linear combination of 18 and 1207 If so, give the linear combination; if not,

explain why not.

Yes, BT AN AL AN RL

2. Use the fact that 107 = (~1)" (mod 11) for each n € N to show that 132539
is divisible by 11.
153539 Qe 20 50t - angt 3k 10”
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3. Find infinitely many solutions to the equation 5z +1 =15 (mod 21). Justify
yOur answer.

St 2 15 mod A1 ® Ty r 14 mad 2)

¢ x: 7 N Tx:§3° 35 LYy wed 2)
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4. Give an example of a function f: N — N that is surjective but not injective.

:{( )‘%n»u W nza
n) =

1t fnsl

fo:4y=1, s oot njeche,

L i Sefectws given ke, Fle) < k.

5. For each of following pairs of sets and binary operations, give one reason
why the pair is not a group.

(a) the natural numbers with addition, (N, +)
b ity elomert
SEYESL A 4 nme M

(b) the integers with substraction, (z,-)

Mot astocia Ve
2 (0-1)-1 # 0-0-0=0

(c) the rational numbers with multiplication, (Q,-)

O Joes not have o Mved
x-0c0 ¥ xe&
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6. This question asks you to work with the symmetries of a square S. For
6 € {0,5,m %}, let Ry denote the counter-clockwise rotation of angle 6 about the
center of S, and for i € {1,2,3,4}, let F; be the symmetry of § given by reflection in
the line ¢;, where #; is shown in the following figure:

& ) A
A D)
4
(5
8
£y

The set Ds = {Ro, Rz, B, RnTw, F\, Fy, F3, Fy} is a group under composition.
(a) Find the element of D, that is equal to Fj o Fa.

A P A
R’z /. A D - = - ED

5 b ¢ T
(b) Find the element of Dy that is equal to F o Fy.
a_n F DA B C
2 Soopgt s
R 3 []c TP #D o

(c) Find the element of D, that is equal to Ry o F3.
P A
Ay R B—c O
F AR
! g ¢ al—p

(d) Find the element of Dy that is equal to Fyo Rz.

' Ad Ry Do Fy o b
;_; th\/\D—g;\l\
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Part II: Proofs

Instructions: Complete any three of the following four problems.

7. Let f: A - Band g: B — C be functions. Prove that if g o f is injective
and

is surjective, then g is injective.

].9.'\ & bl nble B S'{’ j(l") ® ?(éé)
NTS  biothy A
A 1o 5uv'ﬁclw-g) 1 @ q,¢ A st }’(Q,) < b, owd ",f(a,) =5,

Wors, .(944)(%) " ?(;’(q,)) = ;(L) :;(L)% g(#(%ﬂ(g“#)("a)

L‘i -’HC\‘)
® —\L(qﬂ
~by
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q

8. Let n € N and a € Z {0} be relatively prime. Prove that if b = a (mod n},

then b and n are relatively prime. (***This is an easier version of a homework problem:
do not reference any homework ezercises in your proof.)

bz o med

= nlb-a
S 3962 s 7"{}’\(\

S a=b-9n
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9. Use induction to prove that 3 divides 107+ + 10" + 1 for every n € N.
Bose cose Tfnst dhe 1007 w071 201y ame 3
(\n = 3-3%),

Tnduelna S‘l—(p'- g«pea;g 3j \\0"‘] o' o‘\ fov Sora nt V.
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10. Let G be a group and suppose that (ab)? = a2b? for all a,b € G. Prove that

715 an abelian group.
Ly o be
(QL)A - ghab
5., QL@;aap:QQLL
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