Homework 10 MATH 301/601
Due Wednesday, May 1, 2024

Instructions. Read the appropriate homework guide (Homework Guide for 301 or Home-
work Guide for 601) to make sure you understand how to successfully complete the assign-
ment. All claims must be sufficiently justified.

Exercise 1. Complete the following exercises from Section 9.4 in the course textbook:

# 17, 19 (just the first part, and see Example 9.25), ¥221, 24, 25, 48

TFor #22, do not use the classification of finite abelian groups.

*Exercise 2. Let G be a group, and let H and K be subgroups of G. Prove that if G
is the internal direct product of H and K, then G is isomorphic to the external direct

product H x K. (Hint: show that the map ¢: H x K — G given by ¢((h,k)) = hk is an
isomorphism.)

*Exercise 3. The goal of this exercise is to prove that every group of order four is isomor-
phic to either Z4 or Zy X Zo. Let G = {e, a1, as,as} be a group with four elements, where e
is the identity. We already know that every cyclic group of order four is isomorphic to Zg4,
so for the following parts assume that G is an order four group that is not cyclic.

(a) Prove that g2 =e for all g € G.
(b) Prove that a;a; = a; whenever 4, j, and k are all distinct.

(c) Let G' = {€,a},d),as} be another non-cyclic order four group. Define the function
v: G— G by ¢pe) =€, pla1) = dl, p(az) = ab, and p(a3) = aj. Prove that ¢ is an
isomorphism. (In particular, setting G’ = Zg x Zg, we see that G = Zg X Zs.)

Exercise 4. Read the notes for the missed class on April 17. The notes can be found at
http://qc.edu/~nvlamis/301824/Notes_Weekl12.pdf.

**Exercise 5. Let N be a group, and let H be a subgroup of Aut(N), the automorphism
group of N. The (external) semidirect product of N and H is the group N x H whose
underlying set is N x H and whose group operation is defined by (a, ¢)(b, 1) = (ap(b), po1)).

a rove that /N X H 18 a group (yes, | said 1t was a group 1n the definition, but that needs
P that N x H i I said it in the definition, but that d
a proof).

(b) Let G be a group, and let N and H be subgroups of G such that
() N H = {c},
(il) G=NH ={nh:n€ N,h € H}, and
(iii) hnh~!' € N for alln € N and all h € H.
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(Note that condition (ii) and (iii) together imply that N is a normal subgroup of G,
see the Week 12 notes.) Condition (iii) says that each element of H induces an au-
tomorphism of N via conjugation, that is, for h € H we can define ¢;, € Aut(N) by
on(n) = hnh~! for all n € N. Identifying h with ¢, we can view H as a subgroup of
Aut(N).

Under these hypotheses and under this identification of H with a subgropup of Aut(N),
prove that G = N x H. Here, we say G is the (internal) semidirect product of N and
H.

(Remark: the map h — p may fail to be an isomorphism, so that H may not actually
be a subgroup of Aut(N). However, this map is a homomorphism (see Week 12 notes):
there is no need to worry about this inaccuracy. The definition of semidirect product
given above is actually stricter than the actual definition, which is actually in terms of
homomorphisms.)



