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When Queens Attack!

A queen is a chess piece that

can move horizontally, @
vertically, and diagonally
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n-Queens g-Queens Formulas

When Queens Attack!

A queen is a chess piece that » Two pieces are attacking when
can move horizontally, @ one piece can move to the
vertically, and diagonally. other's square.

> A configuration is a placement
of chess pieces on a chessboard.
> A configuration is nonattacking
if no two pieces are attacking.
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n-Queens g-Queens Formulas

When Queens Attack!

A queen is a chess piece that » Two pieces are attacking when
can move horizontally, @ one piece can move to the
vertically, and diagonally. other's square.

> A configuration is a placement

of chess pieces on a chessboard.

> A configuration is nonattacking
if no two pieces are attacking.
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n-Queens g-Queens Formulas What's Next?

When Queens Attack!

A queen is a chess piece that » Two pieces are attacking when
can move horizontally, @ one piece can move to the
vertically, and diagonally. other's square.

> A configuration is a placement

of chess pieces on a chessboard.

> A configuration is nonattacking
] if no two pieces are attacking.

T = Question: How many nonattack'g
%‘ queens MIGHT fit on a chessboard?
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The 8-Queens Problem

Q: Can you place 8 nonattacking queens on an 8 x 8 chessboard?
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The 8-Queens Problem

Q: Can you place 8 nonattacking queens on an 8 x 8 chessboard?

A: Yes!

W
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The 8-Queens Problem

Q: In how many W2V
w: Lan you place 8 nonattacking queens on an 8 x 8 chessboard?

A: Yes!

W

W
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The 8-Queens Problem

Q: In how many Ways
w: Lan you place 8 nonattacking queens on an 8 x 8 chessboard?

A: 92%
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The 8-Queens Problem

Q: In how many ways

w: Lan you place 8 nonattacking queens on an 8 x 8 chessboard?

The n-Queens Problem: Find a formula for the number of
nonattacking configurations of n queens on an n x n chessboard.

n|1l 2 3 4 5 6 7 8 9 10
#|11 0 0 2 10 4 40 92 352 724
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From n-Queens to g-Queens

The n-Queens Problem:

# nonatt. configs of n -

A g-Queens Problem
Christopher R. H. Hanusa  Queens College, CUNY 3/14



From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

>
# of pieces in config.

> A piece P.
A set of basic moves.

> A board B.
A convex polygon
and its dilations.
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A piece P is defined by its moves (c, d) € M.
> (x,y) — (x,y) + ac,d) fora € Z

# of pieces in config.

> A piece P.
A set of basic moves.

> A board B.
A convex polygon
and its dilations.
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A piece P is defined by its moves (c, d) € M.

> (x,y) — (x,y) + ac,d) fora € Z
# of pieces in config. % Queen:
Mo (10,01, [N T+] [~
> A piece P. (1,1),(1,-1)} 4
A set of basic moves. & Bishop: ”‘7 )

= _ oo (W e
> A board B. M= {(1,1), (1, -1)} =

A convex polygon

and its dilations.
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A piece P is defined by its moves (c, d) € M.

> (x,y) — (x,y) + ac,d) fora € Z
# of pieces in config. % Queen:
M = {(170))(071)3 1Y 4
> A piece P. (1v 1)7 (17 _1)} ‘. .'
A set of basic moves. & Bishop: { L
M = {(1,1),(1,-1 LS
» A board B. ) {( ) )} 9N
A convex polygon v Nightrider: aivi N4
d its dil -yg M — {(17 2)a (1’ _2)3 FlIN e
and Its dilations. (27 1)’ (27 _1)}
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points
> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?

> A piece P.
A set of basic moves.

» A board B.

A convex polygon

and its dilations. .. )
(dilation t vs. boardsize n)
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points

> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?
> A piece P. L. Z'B . <> ]x] Board
A set of basic moves. =t c c ottt o0t
> A board B. e
A convex polygon R m
>

and its dilations.

(dilation t vs. boardsize n)
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points
> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?

> A piece P. .38 <= 2x2Board

A set of basic moves.

.......
ooooooo

» A board B.

A convex polygon

and its dilations. .. )
(dilation t vs. boardsize n)
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points
> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?

4.8 <— 3x3 Board

> A piece P.
A set of basic moves.

.......

ooooooo

» A board B.

A convex polygon

(dilation t vs. boardsize n)

and its dilations.
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points
> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?

5-8 <> 4x4 Board

> A piece P.
A set of basic moves.

.......

» A board B.

A convex polygon

..
(dilation t vs. boardsize n)

and its dilations.
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points

> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?
> A piece P. .. 0:8 = 5x5Board

A set of basic moves.

» A board B.

A convex polygon

.
(dilation t vs. boardsize n)

and its dilations.
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g-Queens

From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points
> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?

7-B <> 6x6 Board

> A piece P.
A set of basic moves.

» A board B.

A convex polygon

>
(dilation t vs. boardsize n)

and its dilations.
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From n-Queens to g-Queens

The n-Queens Problem: A g-Queens Problem:

# nonatt. configs of 'n - # nonatt. configs of g -

A board is the set of integral points

> on the interior of a dilation
# of pieces in config. of a rational convex polygon B C R?
> A piece P. 6-B = Triangular

Board

A set of basic moves.

> A board B.
A convex polygon
and its dilations.
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A g-Queens Problem

Our Quest: Find a formula for the number of nonattacking
configurations of ¢ pieces [P inside dilations of 5.
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A g-Queens Problem

Our Quest: Find a formula for the number of nonattacking
configurations of ¢ pieces [P inside dilations of 5.

Theorem: (CZ'05, CHZ'14)
Given ¢, P, and B, the number of nonattacking configurations
of ¢ pieces IP inside tB is a quasipolynomial function of t.
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n-Queens Formulas

A g-Queens Problem

Our Quest: Find a formula for the number of nonattacking
configurations of ¢ pieces [P inside dilations of 5.

Theorem: (CZ'05, CHZ'14)
Given ¢, P, and B, the number of nonattacking configurations
of ¢ pieces IP inside tB is a quasipolynomial function of t.

A quasipolynomial is a function f(t) on t € Z; s.t.
f(t) = cqt? + cqg_1t971 4 - - 4 co, where each ¢; is periodic in t.
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n-Queens Formulas What's Next?

A g-Queens Problem

Our Quest: Find a formula for the number of nonattacking
configurations of ¢ pieces [P inside dilations of 5.

Theorem: (CZ'05, CHZ'14)
Given ¢, P, and B, the number of nonattacking configurations
of ¢ pieces IP inside tB is a quasipolynomial function of t.

A quasipolynomial is a function f(t) on t € Z; s.t.
f(t) = cqt? + cqg_1t971 4 - - 4 co, where each ¢; is periodic in t.

Example. The number of ways to place two nightriders on an

n X n chessboard is: .

n 5n3 3n? 2n
U (2 1) = ?_5§+3§_7€ for even n
7—74—7—? 'ForOddn
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Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

move eqn.
—

(xi, i) — (x5, ;) = alc, d) d(xi—x) = c(yi—y;)
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Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

move eqn.
(Xi,)’i)—(’%yj):a(cad) — d(XI'_XJ'):C(yi_yJ')
With pieces, a move equation defines

a forbidden hyperplane in B= C R".
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Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

move eqn.
(xi, i) = (x> y5) = (. d) — d(xi—xj) = c(yi=y)
With pieces, a move equation defines

a forbidden hyperplane in B= C R".
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Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

move eqn.
—

(xi, i) — (x5, ;) = alc, d) d(xi—x) = c(yi—y;)

With ¢ pieces, a move equation defines
forbidden hyperplanes in B9 C R
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Formulas

Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

(Xi,)’i)—(’%yj):a(cad) mo(ESn. d(XI'_XJ'):C(yi_yJ')
With ¢ pieces, a move equation defines Our quest becomes:
forbidden hyperplanes in B9 C R<9. Count lattice points

inside B that avoid
forbidden hyperplanes.
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n-Queens Formulas What's Next?

Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

(i) = (G, y) = ale,d) =T d(xi—x) = c(yi—y)
With ¢ pieces, a move equation defines Our quest becomes:
forbidden hyperplanes in B9 C R-9. Count lattice points

inside B that avoid
forbidden hyperplanes.

Inside-out polytope!
Apply theory of
Beck and Zaslavsky.
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n-Queens Formulas What's Next?

Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

(i) = (G, y) = ale,d) =T d(xi—x) = c(yi—y)
With ¢ pieces, a move equation defines Our quest becomes:
forbidden hyperplanes in B9 C R-9. Count lattice points

inside B that avoid
forbidden hyperplanes.

Inside-out polytope!
Apply theory of
Beck and Zaslavsky.

> Answer is a quasipolynomial e degree 2g e vol(B9) ~~ initial term
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n-Queens Formulas What's Next?

Proof uses Inside-out polytopes

Two pieces P in positions (x;, y;) and (x;, yj) inside t3 are attacking if:

(i) = (G, y) = ale,d) =T d(xi—x) = c(yi—y)
With ¢ pieces, a move equation defines Our quest becomes:
forbidden hyperplanes in B9 C R-9. Count lattice points

inside B that avoid
forbidden hyperplanes.

Inside-out polytope!
Apply theory of
Beck and Zaslavsky.

> Answer is a quasipolynomial e degree 2g e vol(B9) ~~ initial term

» Inclusion-Exclusion for exact formula  (later!)

A g-Queens Problem
Christopher R. H. Hanusa  Queens College, CUNY 5/14



Formulas

Computing formulas experimentally

The number of ways to place g P-pieces
inside a t dilation of BB is a quasipolynomial:
up(g; t) =

€24,0 L o L aot + cpo t= 0 modp
Cq,1 294+ a1t + 1 t 1

Cogp1t? I+ +cip1t+cp1 t=p—1modp
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Formulas

Computing formulas experimentally

The number of ways to place g P-pieces
inside a t dilation of BB is a quasipolynomial:

up(q; t) =
€2q,0 29 4 ... 4 caot + <o t= 0 modp
g1t 9+ 4+ a1t + 1 t 1

Cogp1t? I+ +cip1t+cp1 t=p—1modp

Consequence: If we can prove what the period is (or a bound),
then with enough data we can solve for the coefficients!

Gives a proof of correctness for up(g; t)!
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Formulas

Enough data?

Let me introduce Vaclav Koté&Sovec:
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Formulas

Enough data?

Let me introduce Vaclav Koté&Sovec:

» Comprensive Book 2 o T

Viclay KotsSovec
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Formulas

Enough data?

Let me introduce Vaclav Koté&Sovec:

Non-attacking chess pieces

» Comprensive Book p 3o
» Tables of Data

Viclav KoteSovee
NeohroZujici se kameny

K Impalas board n.x &

02 impalas| 3 impalas| 4 impalas 5 impalas

i
PR

3w w

i o e f—
s o [
6 6 am e
7 oo iisse e
8] 1768 28136 f——

10 a4 121180
1 66 241m2
12 9ses 39l
131308 65139
14 18046 1041052
15 23944 1607280
2u08552 132822748
17 39928 3516656 222156028 10738451380
I8 G398 SOISSS6 359938909 19834780832
19 62796 7018372 67017466 35323608130

77344 9639450 STIIBISN2 60902798384
21 94276 13026732 1308891718 102010521470
22 113838 1734879 1527301333 166450366144
136288 22800616 2786619264 265388869128
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Formulas

Enough data?

Let me introduce Vaclav Koté&Sovec:

Non-attacking chess pieces
™ edition

» Comprensive Book
» Tables of Data

» Conjectured Formulas

v KotdSovec

NeohroZujici se kameny

Clmpatas bt
2 impales 3 mpass]| 4 impalas] 5 implas]

i

PR i

W s 2

E P ———

s o (L s, s e, e, e, s, ek ot
s s am

7 toos 11596 (- L R AT 1O ). o (B0 3o () on e 1950 ()
L e (2 . 1328 , 6328 5488, (2w 40 . 1496 7024y o (2mm)

o e e e s ) () (- i B )

0 e s R

1 e mam (ELPE I B8 1 &

s i :

15 s esisoe (-35)., 195 _8) o -

14 18046 1041052 i ° C

35| 23544] 16072401 Dediat o merary of G, Lucasad Landar.

16 31176 2unsss2 s ssynses

17 30028 Ssteese 22156028 1073513

18 soson sotssse 359938909 1omsars0832

15 G oism serorase 32360813

20 e sesoaso sniision2| evumrssses

21 oes o267 sossornis zoioszieno

2 1038 1734570 1927301553 edauseeiéd

23 136288 00616 aeeioned esssssepizs
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Enough data?

Let me introduce Vaclav Koté&Sovec:

» Comprensive Book
» Tables of Data

» Conjectured

2

Formulas "™~

Non-attacking chess pieces
6" edition

P Essential check to our theory creiseimen

Formulas

AL 5 Queens, o (V- Koiiore, 442010,

Bt o s, s
(- B Sotn,, 200, _7) s () v 1950 (F)
- ). (37) (- s ) )
O o &

(8 005, 1665 1) N
575 =, 5 O 5

Dedicted o merory of Gaws, Luces ard L.

arsosss | ess
w0 " G0

KImpalas board nx
02 impalas| 3 impalas| 4 impalas 5 impalas
1

2 G 1

EI g 2
4 9% n

5 2 un

6 6 19465

7 00s, 3

5 1

5 296

10 4494 208797

1 66 2412 sissn

12 968 391416 11098648

1313308 651396 22307354

1418046 1041052 42347901

15 23944 1607280 76581532

16 31176 2008552 132820745 SS77597568
17 39928 3516656 222156028 10738451380
I8 G398 SOISSS6 359938909 19834780832
19 62796 7018372 67017466 35323608130
20 77344 9639480 STIIEI9N2 60902798384

21 94276 13026732 1308891718 102010521470
113838 17348796 1927301333 166480366144,
23 136288 22800616 2786619264 265388869128
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Formulas

Enough data?
Let me introduce Vdclav Kotésovec:

» Comprensive Book e o

> Tables of Data

» Conjectured Formulas .

» Essential check to our theory obrotufel e kameny

/\ Collecting enough data is HARD for a large period. /\
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Formulas

Enough data?
Let me introduce Vdclav Kotésovec:

» Comprensive Book e o

> Tables of Data

» Conjectured Formulas .

» Essential check to our theory o A

/\ Collecting enough data is HARD for a large period. /\
Imp. Q. What is the period?
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Formulas

Enough data?

Let me introduce Vaclav Koté&Sovec:

» Tables of Data

» Conjectured Formulas ™~

/\ Collecting enough data is HARD for a large period. /\

Imp. Q. What is the period?
Thm. (qq.VI) Bishops' period is 2.

» Com prensive BOOk 2 Non—an‘adangthesspuu:
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Formulas

Enough data?

Let me introduce Vaclav Koté&Sovec:

» Comprensive Book
> Tables of Data z :

» Conjectured Formulas ™~

> Essential check to our theory whsisima |

/\ Collecting enough data is HARD for a large period. /\

Imp. Q. What is the period?
Thm. (qq.VI) Bishops' period is 2.
Conj. (qq.1V, K.) Queens’ period
is lem({1, ..., fibonaccig})!?! 5:60
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Formulas

Enough data?

Let me introduce Vdclav Kotésovec:
» Comprensive Book o o
> Tables of Data
» Conjectured Formulas .
> Essential check to our theory whsisima |

/\ Collecting enough data is HARD for a large period. /\

Imp. Q. What is the period?
Thm. (qq.VI) Bishops' period is 2.
Conj. (qq.1V, K.) Queens’ period
is lem({1, ..., fibonaccig})!?! 5:60

Upper Bound: LCM of denoms of facet/hyperplane intersection pts.
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n-Queens g-Queens Formulas

Enough data?

Let me introduce Vaclav Koté&Sovec:

» Comprensive Book o T

> Tables of Data
» Conjectured Formulas .

P Essential check to our theory ereiseimen %

a

/\ Collecting enough data is HARD for a large period. /\

Imp. Q. What is the period? Discrete Fibonacci spiral!
Thm. (qq.VI) Bishops' period is 2. 7 7
Conj. (qq.1V, K.) Queens’ period
is lem({1, ..., fibonaccig})!?! 5:60

Upper Bound: LCM of denoms of facet/hyperplane intersection pts.

A g-Queens Problem
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

. . . . .
Sy S

. .

° .

. . . . .
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

S1

e « P To count points in the polygon P

A g-Queens Problem
Christopher R. H. Hanusa

Queens College, CUNY

but NOT in S; nor So:

» Count points in P, 51, S



Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

S1

~e

e « P To count points in the polygon P
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but NOT in S; nor So:

» Count points in P, 51, S

AND in the intersection Z = 51 N S5.



Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

S1

~e

e « P To count points in the polygon P

but NOT in S; nor So:

» Count points in P, 51, S

AND in the intersection Z = 51 N S5.

« o » Thecountis|P|—|S51]—|S|+|Z|.

20—4—44+2=14
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

S1

~e

20—4—44+2=14

A g-Queens Problem
Christopher R. H. Hanusa

» To count points in the polygon P
but NOT in S; nor So:
» Count points in P, 51, S
AND in the intersection Z = 51 N S5.
» The count is |P| — |S1| — |S2] + |Z].
> In general, alternate signs:
|Pl =22 1S+ 22,150 S| =
Zijk |Siﬂ5jﬂ5k’ +Zijkl"'
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

Si
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20—4—-44+2=14
» Hyperplane intersections are subspaces w/complex interactions
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

[ ] [ ] [ ] [ ] [ ]
S g S8

[ ] [ ]

(] L]

[ ] [ ] L] [ ] [ ]
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Deriving formulas theoretically
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» Form the poset of subspace inclusion.
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

L] L] L] L] L]
S g S8

L] L]

(] L]

L] L] L] L] L]

0-4—4+2=14
» Hyperplane intersections are subspaces w/complex interactions
» Form the poset of subspace inclusion. (i) = —> 74, 1u(T)
» Find # lattice points in each subspace, calculate ), ;(U/)|U|
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Formulas

Deriving formulas theoretically

Our Quest: Count lattice points inside P avoiding hyperplanes.

Use Mabius Inversion, an extension of Inclusion/Exclusion:

L] L] L] L] L]
S g S,

L] L]

(] L]

L] L] L] L] L]

20-4—4+2=14 1-36—1.6—1.6—1-6 2.2 = 20|

» Hyperplane intersections are subspaces w/complex interactions
» Form the poset of subspace inclusion. (i) = —> 74, 1u(T)
» Find # lattice points in each subspace, calculate ), ;(U/)|U|
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Deriving formulas theoretically

Derive ' exact formulas for leading coeffs of quasipolynomial:
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Formulas

Deriving formulas theoretically

Derive ' exact formulas for leading coeffs of quasipolynomial:

# Interior integer points NOT in the hyperplane arrangement
is given by Mobius inversion on points IN the arrangement.

On a square board, up(q; n) = l' Z w(Ud) (U n) n29-2k

U €L ()
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Formulas

Deriving formulas theoretically

Derive ' exact formulas for leading coeffs of quasipolynomial:

# Interior integer points NOT in the hyperplane arrangement
is given by Mobius inversion on points IN the arrangement.

Calculate poset of
multiway intersections
of hyperplanes

On a square board, up(q; n) = l' Z w(Ud) (U n) n29-2k

U c2(p)
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n-Queens g-Queens Formulas

Deriving formulas theoretically

Derive ' exact formulas for leading coeffs of quasipolynomial:

# Interior integer points NOT in the hyperplane arrangement
is given by Mobius inversion on points IN the arrangement.

Calculate poset of
multiway intersections
of hyperplanes

For each U N B9, count
number of lattice points

1
On a square board, up(q; n) = — Z w() o n) n29-2k .

U 2L (op)
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Deriving formulas theoretically

Derive ' exact formulas for leading coeffs of quasipolynomial:

# Interior integer points NOT in the hyperplane arrangement
is given by Mobius inversion on points IN the arrangement.

Calculate poset of
multiway intersections
of hyperplanes

For each U N B9, count
number of lattice points

Apply 'Mobius Inversion !
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On a square board, up(q; n) = — Z w(U) a(U;n) n29—2k
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Deriving formulas theoretically

Derive ' exact formulas for leading coeffs of quasipolynomial:

# Interior integer points NOT in the hyperplane arrangement
is given by Mobius inversion on points IN the arrangement.

Calculate poset of Each corresponds to
multiway intersections

placements of [k attacking pieces
of hyperplanes

For each U N B9, count
number of lattice points

Apply 'Mobius Inversion !

1
On a square board, up(q; n) = — Z w(U) a(U;n) n29—2k

U 2L (op)
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Derive ' exact formulas for leading coeffs of quasipolynomial:

# Interior integer points NOT in the hyperplane arrangement
is given by Mobius inversion on points IN the arrangement.

Calculate poset of Each corresponds to
multiway intersections

of hyperplanes

For each U N B9, count We end up counting
number of lattice points number of ways k pieces attack

placements of [k attacking pieces

Apply 'Mobius Inversion !
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n-Queens Formulas What's Next?

Deriving formulas theoretically

Derive ' exact formulas for leading coeffs of quasipolynomial:

# Interior integer points NOT in the hyperplane arrangement
is given by Mobius inversion on points IN the arrangement.

Calculate poset of Each corresponds to
multiway intersections

of hyperplanes

For each U N B9, count We end up counting
number of lattice points number of ways k pieces attack

placements of [k attacking pieces

Apply |Mobius Inversion ! (And place the other 'g — k pieces!)

1
On a square board, up(q; n) = — E w(U) (U n) n29-2k
u Ef(ﬂp)
A g-Queens Problem
Christopher R. H. Hanusa  Queens College, CUNY 9/14
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Subspaces from two hyperplanes (Codimension 2)

How might two attack equations interact?
And how do we count them?
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Subspaces from two hyperplanes (Codimension 2)
How might two attack equations interact?
And how do we count them?

Four pieces
IP; attacks P> on any slope.
P3 attacks P4 on any slope.
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n-Queens Formulas What's Next?

Subspaces from two hyperplanes (Codimension 2)

How might two attack equations interact?
And how do we count them?

Four pieces Three pieces
IP; attacks P> on any slope. IP; attacks P> on any slope.
P53 attacks P4 on any slope. P, attacks IP3 on another slope.

Three pieces
P; attacks P> on any slope.
P, attacks IP3 on same slope.
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P53 attacks P4 on any slope. P, attacks IP3 on another slope.
Two pieces. Three pieces
P; attacks P> on any slope. P; attacks P> on any slope.

P, attacks P> on another slope. P, attacks P3 on same slope.

[= P; and P, share a point.]
Count # of points on board.
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How might two attack equations interact?
And how do we count them?

Four pieces Three pieces
IP; attacks P> on any slope. IP; attacks P> on any slope.
P53 attacks P4 on any slope. P, attacks IP3 on another slope.
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(Count # ways two in a row)?.
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n-Queens g-Queens Formulas What's Next?

Subspaces from two hyperplanes (Codimension 2)

How might two attack equations interact?
And how do we count them?

Four pieces Three pieces
IP; attacks P> on any slope. IP; attacks P> on any slope.
P53 attacks P4 on any slope. P, attacks IP3 on another slope.
[No interaction.] [No restriction on Py vs. P3.]
(Count # ways two in a row)?. Cases based on actual slopes.
Two pieces. Three pieces
P; attacks P> on any slope. P; attacks P> on any slope.
P, attacks P> on another slope. P, attacks P3 on same slope.
[= P; and P, share a point.] [= P; and P5 also attack.]
Count # of points on board. Count # of ways three in a row.
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n-Queens g-Queens Formulas What's Next?

Subspaces from two hyperplanes (Codimension 2)

How might two attack equations interact?
And how do we count them?

Four pieces Three pieces
IP; attacks P> on any slope. IP; attacks P> on any slope.
P53 attacks P4 on any slope. P, attacks IP3 on another slope.
[No interaction.] [No restriction on Py vs. P3.]
(Count # ways two in a row)?. Cases based on actual slopes.
Two pieces. Three pieces
P; attacks P> on any slope. P; attacks P> on any slope.
P, attacks P> on another slope. P, attacks P3 on same slope.
[= P; and P, share a point.] [= P; and P5 also attack.]
Count # of points on board. Count # of ways three in a row.

v Codim 3 for Partial Queens P = Q"*:
e explicit up(3; n) e leading 4 coeffs of up(g; n); period of 5-7.
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Formulas

A (not-very-useful) formula for n-Queens

Set g = n to give the first closed-form formula
for the n-Queens Problem:

Theorem
The number of ways to place n unlabelled copies of a rider piece P
on a square n X n board so that none attacks another is

2i min(i,2k—2)

2n _
i 2n—i & Ji—u(U))
. ;n ) 2(n)ﬁ > > u(o,zjgﬁ)i| At

v=[r/2] [ULIULeL(F®)

This formula is very complicated but it is explicitly computable.
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Brief Aside

I've never used so many variables!
» Blackboard letters: BNPQRZ

> Bold letters: abcdxyzILM3
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> Greek letters:
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Brief Aside

I've never used so many variables!
» Blackboard letters: BNIPQRZ
> Bold letters: abcdxyzILM3
> Callig. letters: &/BCTEFCH LN OPORSTUWXYZ
> Greek letters:
» upper case: ABCDEFGHIJKLMN RSTUVW XY Z
> lower case: abcdefghijklmnopqrstuvwxyz

(That's 102 variables!!! Plus the reuse of indices!)
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What is next?
What Questions Are Interesting?

» Fun test case for Ehrhart Theory (lattice point) questions.
» Period of quasipolynomial  LCM of denominators
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What is next?

What Questions Are Interesting?

» Fun test case for Ehrhart Theory (lattice point) questions.
> Period of quasipolynomial # LCM of denominators

» Special pieces
» One-move riders show that period of quasip. depends on move
» Other fairy pieces (Progress made with Arvind Mahankali)

» Special boards
» Rook placement theory on other boards
> Nice pieces on nice boards (Angles of 45, 90, 135 degrees)

» Determining all ; What is structure of posets?

» Discrete Geometry: Fibonacci spiral.
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Thank you!

Chaiken, Hanusa, Zaslavsky:

Our “A g-Queens Problem” Series:
I. General theory. Electronic J Comb 2014

Il. The square board. J Alg Comb 2015

Il. Partial queens. Australasian J Comb 2019

IV. Attacking config’s and their denom's. Discrete Math 2020
V. A few of our favorite pieces. J Korean Math Soc 2027

VI. The bishops’ period. Ars Math Contemp 2019

VII. Combinatorial types of riders. Australasian J Comb. 2020

Slides available: qc.edu/chanusa > Research > Talks

3D Printed Mathematical Jewelry: hanusadesign.com
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