A NOTE ON HECKE EIGENVALUES OF HERMITIAN SIEGEL
EISENSTEIN SERIES

KRZYSZTOF KLOSIN?!

ABSTRACT. In this note we compute Hecke eigenvalues of Siegel Eisenstein
series on the unitary group U(2,2) induced from a character. We do this for
Hecke operators at primes not dividing the level of the Eisenstein series.

1. INTRODUCTION

In a recent paper Walling [Wall2] computed Hecke eigenvalues of Siegel Eisen-
stein series on GSp, induced from a character. Her method involves directly calcu-
lating the action of the operators on the Fisenstein series without prior knowledge
of their Fourier coefficients. The goal of this note is to compute eigenvalues of
Hecke operators acting on hermitian Siegel Eisenstein series (for primes not divid-
ing the level). Our method, which uses some representation theory (but still no
knowledge of Fourier coefficients), makes the calculations much less involved than
the ones carried out in [Wall2] (however, let us note here that Walling in [loc.cit.]
also computes eigenvalues for the operators at primes dividing the level).

More precisely, let K be an imaginary quadratic field, and let G be the quasi-
split unitary group U(2,2) associated with the extension K/Q. Let ¢ be a Hecke
character of K. We consider the (in general non-holomorphic) Eisenstein series
E := E(g,s, N,m,v) (studied e.g., by Shimura [Shi97], [Shi00]) of weight m, level
N induced from the representation odet of Mp(A), where Mp is the Levi subgroup
of the Siegel parabolic of G. We show that F is an eigenform for certain set of Hecke
operators generating the local Hecke algebras at primes p t+ N, and compute the
corresponding eigenvalues for these generators. The adelic approach taken here not
only simplifies calculations, but is in fact natural whenever the class number of K is
greater than one as in that case the associated symmetric space has more than one
connected component, and some Hecke operators at non-principal primes permute
these components.

2. NOTATION

2.1. Hecke characters. Let K be an imaginary quadratic field with ring of inte-
gers Ok . Denote by hg the class number of K. For a number field L let A denote
the ring of adeles of L, and put A := Aq. Write A o and Ay ¢ for the infinite
part and the finite part of A, respectively. For o = (o) € A set |a|a =[], |o|q.,
where |a|q, denotes the v-adic norm of . Hereafter the index v will always denote
a (finite or infinite) place of Q. In particular if v = oo, then Q, = R and |a|q.,
denotes the usual absolute value. The letter p will be reserved for a finite place of

Q.
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By a Hecke character of A} (or of K, for short) we mean a continuous homo-
morphism
Y: KX\ A} — C*.
We will think of 1) as a character of (Resx;q GLi/k)(A), where Resg/q stands
for the Weil restriction of scalars. We have a factorization ¢ = [], 4, into local
characters 1, : (ResK/Q GLl/K) (Qy) —» C*. For M € Z, we set ¢y := leM Y.

2.2. The unitary group. For any affine group scheme X over Z and any Z-algebra
A we denote by z +— T the automorphism of (Resp, ;z Xo,)(A) induced by the
non-trivial automorphism of K/Q. Note that (Resp, ;z Xo, )(A) can be identified
with a subgroup of GL,,(A®Of) for some n. In what follows we always specify such
an identification. Then for z € (Resp, /z Xo, )(A) we write x* for the transpose
of z, and set z* := T' and % := (') ~!. Moreover, we write diag(ay,as,...,a,) for
the n X n-matrix with a1, as, .. .a, on the diagonal and all the off-diagonal entries
equal to zero.

We will denote by G, the additive group and by G, the multiplicative group.
To the imaginary quadratic extension K/Q one associates the unitary similitude
group scheme over Z:

G :=GU(2,2) = {A € Reso, jz GLy | AJA! = p(A)J}

—1I . . .
I 21, where for any n € Z, we write I,, for the n x n identity
2

matrix and p(A4) € G,,. We will also make use of the group
U=0U(2,2)={AeG|u(A) =1}.

Let p be a rational prime. Write K, for K ®q Q,, and Ok ), for Og ®z Z,.
Note that if p is inert or ramified in K, then K,/Q, is a degree two extension of
local fields, and @ — @ induces the non-trivial automorphism in Gal(K,/Q,). If p
splits in K, denote by ¢ 1, tp.2 the two distinct embeddings of K into Q,. Then the
map a ® b (tp,1(a)b, tp2(a)b) induces a Q-algebra isomorphism K, = Q, x Q,,
and a — @ corresponds on the right-hand side to the automorphism defined by
(a,b) = (b,a). We denote the isomorphism Q, x Q, = K, by ¢,. For a matrix
g = (gsj) with entries in Q, x Q, we also set ¢,(g) = (¢p(gi5)). For a split prime p
the map ¢, ! identifies G(Q,) with

Gp = {(91,92) € GL4(Qp) x GL4(Qp) | 9195 = af, v € Q}
Note that the map (g1, g2) — (g1, @) gives a (non-canonical) isomorphism G(Q,)
GL4(Qp) X G (Qp)-

2.3. Compact subgroups. For an associative ring R with identity and an R-
module N we write M, (N) for the R-module of n x n-matrices with entries in N.
Let © = [A B] € My, (N) with A, B,C,D € M,(N). Define a, = A, b, = B,
¢, =C,d, =D.

For N € Z and a rational prime p, set

Ko’p(N) = {(E c G(Qp) | az,bmdz S MZ(OK,Z))7CI S MQ(NOK’p)} .

For any p, the group Ko, = Ko (1) = G(Z,) is a maximal (open) compact sub-
group of G(Q,). Note that if p{ N, then Ko, = Ko, (N). Set

with J = [

o~

K oo = { {_AB ﬁ] € U(R) | A, B € GLy(C), AA* + BB* = I,, AB* = BA*} .
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Then Kg ., is a maximal compact subgroup of U(R). We will denote by Ko o
the subgroup of G(R) generated by IC&OO and diag(1,1,—1,—1). Then Ko is
a maximal compact subgroup of G(R). Finally, set Ko(N) := ICJOO L1, Kop(IN).

Similarly, we define ICq(N) = /C('{oo [, K1p(IN) with
K:LP(N) = {x S ICOJ,(N) | a, — Iy € MQ(NOKJ))}.

3. SIEGEL EISENSTEIN SERIES

We adopt the following notation. If H is an algebraic group over Q and g €
H(A), we will write go, € H(R) for the infinity component of g and g for the finite
component of g, i.e., ¢ = (goo, g¢)-

Definition 3.1. Let K be an open compact subgroup of G(A¢). Write Z for the
center of G. Let M., (K) denote the C-space consisting of functions f : G(A) — C
satisfying the following conditions:
e f(vg) = f(g) for all y € G(Q), g € G(A),
o f(gk)= f(g) forallk e K, g € G(A),
o f(gu) = det(cyt + du) " f(g) for all g € G(A), u € Koo = Kp,0o (see
(10.7.4) in [Shi97]; also see section 2.3 above for the notation ¢, and d,,),
e flag) = a 2" f(g) for all g € G(A) and all a € C* = Z(R) C G(R).
As before, let N > 1 be an integer, and 1 a Hecke character of K satisfying

(3.1) Yoo () = 2™ ||~

for a positive integer m, and

(3.2) Yp(z) =1 if p# oo, v € Ok, and z —1 € NOkg .
Set

(33) Mum(N, ) :={f € Mu(Ki(N)) | f(9(koo, kr)) =
= ¢ (det(ak,)) " det(cr i+di) " f(9),9 € G(A),y € G(Q), (koo, ki) € Ko(N)}.
Let P be the Siegel parabolic of G, i.e., P = MpUp where Mp is the subgroup
A
MP—{|: CVA:| |A€RG‘SK/Q GLQ/K,OZEGm},

and Up is the (abelian) unipotent radical

1 b1 by
1 by by
Up = 1 | b1,bs € Ga, bo € Resg/q Ga/x
1
Define up : Mp(Q)Up(A) \ G(A) — C by setting
ir(g) = {o ) o 9 #PAKW),
Y(detdy) Ty (detdy) Mg i+ di )™ g =qk € P(A)Ko(N).
Note that pup has a local decomposition up = Hv ipv, where
Py (detdy, )™t if vt N,v+# oo,
(3.4) ppo(quky) = { ¥o(detdg, )y (det di, ) if v | N,v # o0,

Yoo(detdy ) Hep i+ dp, )™ if v = co.
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Let 0p denote the modulus character of P(A). We extend dp to a function on G(A)
using the Iwasawa decomposition G(A) = P(A)Ky(N) and declaring it to be trivial
on KCo(N). Note that this is well-defined, and that 0p has a local decomposition
(Sp = HU §P,v with

(3.5) 5pw ( {A D} uk> = |det Adet D73, ,

where [A

v = OQ.

D] € Mp(Qy), u e Up(Q,) and k € Ko (N) if v # o0, or k € IC(‘{OO if

Definition 3.2. The series

E(ga87N7m7w) = Z NP(’YQ)(SP(PYQ)S/Q
YEP(Q\G(Q)

is called the (hermitian) Siegel Fisenstein series of weight m, level N and character
.

For any fixed g € G(A) the Siegel Eisenstein series converges absolutely for Re(s)
sufficiently large. It admits a meromorphic continuation in s to the entire complex
plane with finitely many simple poles (cf. Proposition 19.1 in [Shi97]). It is easily
checked that E(g,s, N,m, ) € M, (N, (1))~1), where the character ¢ is defined

by ¢¢(a) := ¢(@).

4. THE HECKE ALGEBRA

4.1. Generalities. Let p be a rational prime and (V,7) a smooth representation
of G(Qp). For a summary of the theory of such representations see e.g., [Bum97],
section 4.2. Recall that Ko, := G(Z,) is a maximal (open) compact subgroup of
G(Qp). Fix a left-invariant Haar measure dg on G(Q,,) such that fKO‘p dg=1. We
denote by H, , the algebra of compactly supported, smooth (i.e., locally constant),
bi-Kg p-invariant functions from G(Q,) into C. The multiplication in Hi, , is
defined to be the convolution

(61 % bo)(g) = /G o, POl

For any subset H of G(Q,) denote by [H] the characteristic function of H. The
function [KCo ] is the identity element of H, . The algebra Hy, , is called the
spherical Hecke algebra of G(Q,).

Lemma 4.1. The algebra Hy, , is commutative.

Proof. The proof is the same as the proof of Theorem 4.6.1 in [Bum97]. O

The representation 7 defines an action v — m(¢)v of Hy, , on V by

7(6)(v) == /G o, POrads

Before we state our results let us begin with the following lemma which explains
how everything we are about to state can be easily expressed in terms of right cosets
as opposed to left cosets.
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Lemma 4.2. Let a € G(Q,) be a diagonal matriz, and assume that the double
coset space Ko ,akop decomposes as Ko palklo p = |_|?=1 a;Kop- Then Ky paky, =

Ll?:1 KO,pU(ai)ai_l .

Proof. The map ¢ : G — G defined by ¢(z) = p(z)z~! is an anti-involution
on G. If a € G(Q,) is diagonal, then ¢(a) = JaJ~'. Since J € Ky, we get
Ko paKop = Ko pp(a)Ko,p. Applying ¢ to the equality Ko paKo,p = | i aiKo,p we
obtain the lemma. O

For any subgroup H of G(Q,) we denote by V¥ the subspace of V' consisting of
vectors fixed by H.

Lemma 4.3. Let a € G(Qp), and assume that the double coset space Ko ,aKo
decomposes as Ko paKo,p, = |7, aiKo,p with a; € G(Qp). Then for v € VEor we
have

n

7([Ko pako p))v = Z m(a;)v.

i=1

Proof. We have

((Kopako e = [

’Co,palco P

vdg—Z/ g)v dg.

’Co D
Making a change of variable g — a;g, and using the fact that dg is a left-invariant
measure we get

n

(Ko paklop))v = Z/ m(a;g)vdg = Zw(ai)v.

Ko,p =1

Lemma 4.4. Let ¢ € Hye,, and v € VXor. Then w(¢p)v € VKor |

Proof. We need to show that w(k)n(¢)v = w(¢p)v for k € Ky . We have

wwmwwzﬂm/

¢@w@n@=wwwww:/ o(g)m(kg)v dg.
G(Q,)

G(Qp)

Making a change of variable g — k~'g, and using the fact that dg is left-invariant
we see that the last integral equals fG(Qp) d(k~tg)m(g)v dg. Since ¢ is left Ko -
invariant, the lemma follows. ([

Corollary 4.5. Let a € G(Qy). If Ko paKo, = |1 aiKo,p with a; € G(Qy) and
v E V’CO'P, then Z:‘L:I m(a;)v € Vkos,

Proof. By Lemma 4.3 we have Y . m(a;)v = 7([KopaKop])v. Hence the claim
follows by Lemma 4.4. |

4.2. Double coset decompositions.
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4.2.1. The case of a split prime. Let p be a prime which splits in K. Write (p) = pp.
Recall that G(Q,) = GL4(Q,) X G, (Qp). An element g of G(Q,) can be written
as g = (91, 92) € GL4(Qp) x GL4(Qp) with go = —pu(g)J(gf) " J. Set

L4 Tp = K:O,p(diag(lvp7p7p)a dlag(la 17p7 1))IC07;D7

o T} := Kop(diag(1, 1, p, p), diag(1, 1, p, p)) Ko p,

L] Ap = ICO’p(pI4,I4)IC07p.

It is a standard fact that the C-algebra H, is generated by the operators T}, Ty,
Ty, Ap, Ay and their inverses.

Proposition 4.6. We have the following decompositions

P IZ pabc
= U ([ ][] e

a,b,c€Z/pZ
p d 1 J
() e
(41) d,e€Z/pZ 1 1
1 11
(o [
f€z/pz b

(L e )

Proof. This follows easily from the corresponding decompositions for the group
GL4(Qp). O

4.2.2. The case of an inert prime. Let p be a prime which is inert in K. Set
o T, :=Ky,pdiag(l,1,p,p)Ko p,

b T17p = ICO,;D diag(lapap27p)’<:0,pa
L Ap = ]C07ppI4IC07p.

The operators T, 17 p, A, and their inverses generate the C-algebra H,,.
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Proposition 4.7. We have the following decompositions

p be 1
T, = |_| {pfﬂic(mu |_| {Ppe]lcoypu

1

b,d€Z/pZ e€Z/pZ
c€Ok /pOK
(4.3) pa b L
|_| [ ! 1 } Kop U [ P } Kop
a€O0k /pOxk —ap p
beZ/pZ
p? @ap b+ac cp P <
T, = |_| [ L Kop U |_| [ v’ w® a1 Ko,p
a,c€0k [pOk e p c€O0k /pOK 1
beZ/p2Z deZ/p*Z
pa 1
1 P
(4.4) L] po [ Kop ] T | Koyl
a€0k /pOK —ap p P
pb p E 2C71
W ] L W T O
bdb,dez(/pzd ) P be(Z/pZ)* P
=0 x
ba£(00) eC(ORO)
Proof. See the proof of Lemma 5.3 in [Klo09] and references cited there. O

5. EIGENVALUES

Fix a rational prime pt N. For ¢’ a Hecke character of K as in section 3 we let
the local Hecke algebra Hic, , act on functions in M,,(N,’) in the usual way, i.e.,
by means of the canonical embedding G(Q,) — G(A) and the right regular action
on the p-component. More specifically, let a € G(Q,), and let A C G(Q,) be such
that Ko pakop = | e s @Ko,p. Then for any f € M,,(N,1’) we have

[]CO,paICO,p]f(g) = z f(ga).

a€cA

It is a standard fact that [ICo pallo | f € My (N, 9') (see e.g., [Shi00], section 20.3),
but we will not use it.

Theorem 5.1. Let iy be a Hecke character of K as in section 8. The Fisenstein
series E(g,s, N, m,) is an eigenfunction of the operator [Ko pafCo p] with eigen-
value

A([Ko,pako,p]) = Z ;“P,p(C")(SPJD(O‘)S/2 = Z Yp(det da)_léP’p(a)s/?

acA acA
Proof. In this proof we fix s € C in the range of absolute convergence of E(g, s, N,m, ).
For any place v of Q and any g € G(Q,) set

F2(0:8) = i 0)3rls)

with pp, as in (3.4) and dp, as in (3.5). Let z € G(Qp). As Ko ,(N) = Ko,
a maximal compact subgroup of G(Q,), we conclude that f,(-,s) is right-KCo p-
invariant. Let I be the C-space of all functions h : G(Q,) — C such that

(1) there exists an open subgroup U;, C G(Q,) with the property that h(gu) =
h(g) for all w € Uy, g € G(Q,) and
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(ii) h(qg) = fp(q,5)h(g) for all ¢ € P(Q,), g € G(Qp).

First note that f,(gg,s) = fp(q,s)fp(g,s) for ¢ € P(Q,) and g € G(Q,). To see
this, one uses the Iwasawa decomposition to write g = g4k, with ¢, € P(Q,) and
kg € Ko,p and the fact that f,(-,s) is a character when restricted to P(Q,). Hence
we conclude that f,(-, s) € I. Moreover, G(Q,) acts on I by the right regular action,
and condition (i) guarantees that this action induces a smooth reprebentatlon which
we denote by 7. Note that, indeed, if h € I, then Uy (g, = gUng™!. Hence condition
(i) defining the membership of T is satisfied for 7(g)h.

Furthermore, it is clear that dimg I®0» = 1 as f,(-,s) € I*o» and any right-
Ko p-invariant function h € I is of the form h(gk) = h(q) = fp(q, s)h(I4). The fact
that f,(-, s) € I*0» allows us to use Corollary 4.5 to conclude that > ., m(@) f,(-,s) €
I*or, However, since dimg I*0» = 1, there must exist A € C (independent of )
such that

(5.1) Z folza,s) = Z (@) fp(z, s) = Afp(z, s).
a€cA acA
We can find A by plugging in x = I, and thus get
A= LT, 8) 7 D folans) =D ppp(@)dpp(a)*? = dy(det do) ™ 6p ().
acA acA acA

In other words we have shown that the Hecke operator [Ky ,alCo ] acts on the space
I, and f,(-, s) is an eigenvector for this operator with eigenvalue A as above.

We now claim that this implies that E(g, s, N, m, ) is also an eigenfunction for
[KCo,paklo p] with the same eigenvalue. Write E(g) for E(g, s, N, m, ) for short. For
g € G(A) write g, € G(Q,) for its vth component. Note that by definition

Eg)= S 1090
YEP(Q\G(Q) v
One has

(5.2) [KopaKoplE(g) =Y E(ga)=>_ > flvgees) [ fo(vgu:5).

a€A a€EAVEP(Q\G(Q) vFP

By our assumption on s the sum on the right converges absolutely for every o € A,
so we can interchange the order of summation and obtain

KopaKoplE(g) = > ] fo(v90:9) D folrgper,s) =

YEP(Q\G(Q) v#p acA

(5.3)
= Z H fo(Ygu, )M fp(V9p, 8) = AE(g),
YEP(Q)\G(Q) v#p
where the second equality follows from (5.1) by putting = = ~g,. O

Recall that we denote by 1 the product HU‘ ~ ¥u. Note that we can regard ¢

as a Dirichlet character of (Ox/NOg)*. Hence for o € O we will simply write
¥n () for ¥ (j(a)), where j denotes the canonical embedding of K into [ ],y Ko.
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Corollary 5.2. Let \(T) denote the eigenvalue of the Hecke operator T corre-
sponding to the Eisenstein series E(g,s, N,m, ). Then

(p+ 1)p(tp((p, 1)) Hp*™* + v (p)p°] T =T,
(54)  MT) =" +Yn@)p]],,(Np +1) +¢n(p)*p* T =1,
(P> + )N (p)[p* 2 + on(p)(p — 1) + ¥n(p)*p*] T =Ty,

where the first case holds for a split p with pOx = pp, the middle one for both split
and inert p, and the last case holds for inert p.

Proof. This is straightforward using Theorem 5.1 and the double coset decomposi-
tions in section 4.2. Let us only note that we made use of the following calculation:
Let v, € A — Ak be the adele whose pth component equals p and all the other
ones equal 1. Then one has

Up(e((p, )" ) =01, ) = (1, ") = Yoo (P)n (p) = ¥n (p).

Indeed, the first equality follows from the definition of the map ¢, the second one
from the K*-invariance of ¢, the third one from (3.2) and the assumption that
p1 N, and the last equality follows from (3.1) as p € R. O

Remark 5.3. The results of this paper can easily be translated to the classical
setup, where automorphic forms are regarded as functions on (hx-many copies of)
the symmetric space Hy := {Z € My(C) | —i(Z — Z*) > 0}. The group U(R)
acts on Hy in the following way: ¢Z = (ay,Z + by)(cgZ + dy)~*. For z € U(Ay),
g € UR) and Z = gdiag(i, ) define ([Shi00], (17.23a))

E.(Z,s,m,¢,N) = det(cgi + dg)" E(zg,s, N,m, ).

If hx = 1, then we can take x = Iy and write E(Z, s, m, ¢, N) for Er,(Z,s,m,¢,N).
Then it follows from Theorem 5.1 that E(Z,s,m,1, N) is an eigenfunction for all
the Hecke operators at primes p 1+ N, and one can compute its eigenvalues using
Corollary 5.2. Moreover, in this case the element (p,1) € Ok, represents the
principal ideal 7O, where 7 is a generator of p, and one can compute

Yp((p 1)) = oo (m) Mo (m) T = " ey (m) T

If hx > 1 the series E(g,...) corresponds to hx-many functions E,(Z,...) of
H,, where det z runs over distinct ideal classes of Ok. Then each E,(Z,...) is an
eigenform for all the Hecke operators in Corollary 5.2 except for T}, where p is non-
principal. However, taken together as an hg-tuple the Eisenstein series E,(Z,...)
can be interpreted as an eigenvector of the operator 7j,.
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